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Abstract. Non-linear effects on supernova neutrino oscillations, associated with
neutrino-neutrino interactions, are known to induce collective flavor transformations
near the supernova core for θ13 6= 0. In scenarios with very shallow electron density
profiles, these transformations have been shown to couple with ordinary matter effects,
jointly producing spectral distortions both in normal and inverted hierarchy. In this
work we consider a complementary scenario, characterized by higher electron density,
as indicated by shock-wave simulations during a few seconds after bounce. In this case,
early collective flavor transitions are decoupled from later, ordinary matter effects.
Moreover, such transitions become more amenable to both numerical computations
and analytical interpretations in inverted hierarchy, while they basically vanish in
normal hierarchy. We numerically evolve the neutrino density matrix in the region
relevant for self-interaction effects, using thermal spectra and a representative value
sin2 θ13 = 10
−4. In the approximation of averaged intersection angle between neutrino
trajectories, our simulations neatly show the collective phenomena of synchronization,
bipolar oscillations, and spectral split, with analytically understandable features,
as recently discussed in the literature. In the more realistic (but computationally
demanding) case of non-averaged neutrino trajectories, our simulations do not show
new significant qualitative features, apart from the smearing of “fine structures” such
as bipolar nutations. Our results seem to suggest that, at least for non-shallow matter
density profiles, averaging over neutrino trajectories plays a minor role in the final
outcome. In this case, the swap of νe and νµ,τ spectra above a critical energy may
represent an unmistakable signature of the inverted neutrino hierarchy, especially
for θ13 small enough to render further (ordinary or even turbulent) matter effects
irrelevant.
PACS numbers: 14.60.Pq, 13.15.+g, 97.60.Bw
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1. Introduction
Core-collapse supernovae (SN) provide us with an interesting laboratory for studying
both neutrino properties and their interplay with astrophysical processes (see [1, 2] for
recent reviews). Mikheev-Smirnov-Wolfenstein (MSW) effects induced on neutrinos by
background matter [3] have been widely studied as a tool to probe both neutrino masses
and mixings and the SN dynamics. Recent examples include the characterization, at
the level of observable SN neutrino event spectra, of shock-wave evolution effects after
bounce [4–13] and of it possible “erasing” by stochastic matter fluctuations induced by
turbulence [14–16].
Ordinary MSW effects (and their “stochastic” smearing, if any) typically occur
when ω ∼ λ, where
ω =
∆m2
2E
(1)
is the vacuum oscillation frequency (in terms of the neutrino energy E and squared mass
difference ∆m2)‡ while
λ(r) =
√
2GF Ne−(r) (2)
is the νe-νx interaction energy difference in matter, Ne−(r) being the net electron number
density at the point r. For typical shock-wave density profiles as used, e.g., in [7, 8],
the condition ω ∼ λ occurs after a few hundred (or even a few thousand) kilometers,
during the first few seconds after core bounce. Significantly shallower electron density
profiles (as those adopted in [17] in the context of models with successful r-process
nucleosynthesis) can instead trigger MSW effects much earlier, around O(100) km.
Besides electrons, neutrinos can also be a nontrivial background to themselves when
their density is large enough [18, 19]. Self-interaction effects, being inherently non-linear,
are very different (and much less intuitive) than ordinary MSW effect, and can lead
to collective flavor transition phenomena in which neutrinos (or antineutrinos) of any
energy behave similarly [20–34]. The interest of such effects for the neutrino flavor
evolution in the dense SN core has long been recognized [35–39]. Roughly speaking,
significant self-interaction phenomena are expected when µ(r)∼>ω, where
µ(r) =
√
2GF [N(r) +N(r)] (3)
N(r) and N(r) being the total effective neutrino (νe + νx) and antineutrino (νe + νx)
number density, respectively (to be precisely defined later).
In the most general case, systems with dense matter and dense neutrino gases are
thus governed by (at least) three characteristic frequencies: ω (spread over ∼ 2 orders
of magnitude for typical energy spectra); λ (roughly decreasing as the third power of
the distance); and µ (decreasing as the fourth power of the distance [17]). Neutrino
flavor evolution becomes then a complicated multi-scale dynamical problem with a rich
‡ In this paper we neglect δm2 = m22 −m21 ≪ ∆m2, where ∆m2 = |m23 −m21,2|. The only relevant
mixing angle is then θ13, governing the oscillation amplitude in the channels νe → νx and νe → νx
(x = µ or τ).
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phenomenology, which may involve both collective and MSW effects, the latter being
often assumed (at least in older literature) to lead to flavor transitions. In the SN
neutrino context, this “old” paradigm (focussing on MSW effects) has dramatically
changed after the emergence of dominant collective phenomena (such as the so-called
“bipolar oscillations”) studied in detailed, large-scale computer simulations [17, 40] as
well as in simplified but analytical models [41–47].
The interaction strength between two (anti)neutrinos is modulated by a factor
(1 − cosϑij), where ϑij is the angle between their intersecting trajectories. If one
ignores the spread of ϑij , and averages it out along a “representative” radial trajectory
(single-angle approximation), and if one also assumes that self-interaction effects do not
interfere with the ordinary MSW ones, then the following picture appears to emerge
in supernovae from analytical considerations. Nothing relevant occurs for normal
hierarchy (m3 > m1,2), while, for inverted mass hierarchy (m3 < m1,2), any value of
θ13 6= 0 (no matter how small [42, 43]) can trigger collective pair-conversions of the
kind νeνe → νxνx within the first O(100) km. Then, as recently emphasized in [45, 46],
the end of collective effects is marked by a spectral pair-conversion which is complete
for ν’s, while for ν’s it occurs only above a characteristic energy set by lepton number
conservation. Such spectral “split” (or “stepwise swap” of flavors) would then represent
an unmistakable signature of self-interaction effects [17, 40, 44–48]. Its robustness needs,
however, to be better investigated in increasingly refined SN models including, e.g.,
variable neutrino crossing angles ϑij (multi-angle simulations), which might induce
kinematical decoherence effects, (“depolarization” and “smearing of oscillations”), which
are neither obvious nor entirely clear in the few numerical [17, 49] and analytical [34, 43]
studies performed so far. In our scenario, it turns out that main results are rather robust
when passing from single- to multi-angle simulations.
The purpose of this paper is to explore such “self-interaction dominated” scenario
in a realistic case characterized by: (1) an appropriate matter profile, where collective
effects fully develop before MSW effects (if any); (2) continuous, thermal energy
spectra with significant neutrino-antineutrino (and neutrino flavor) asymmetry, and
(3) numerical simulations in single- and multi-angle cases. In this sense, our work is
complementary to the simulations in [17], where the shallower adopted matter profile
allows MSW effects to occur within (not beyond) the range of collective transitions—
which leads to a richer phenomenology, but also to more difficult analyses and much
greater numerical challenges. In the terminology of [42], we study the scenario with
“thick” rather than “thin” envelope.
The plan of our work is as follows. In Section 2 we describe our supernova reference
model. In Section 3 we set the notation and write the neutrino evolution equations
in single-angle approximation. In Section 4 and 5 we discuss single-angle analytical
and numerical solutions, respectively. In Section 5 we tackle multi-angle simulations,
and show that the main final effect (the spectral split) is robust. Conclusions and
perspectives are presented in Section 6. Technical aspects are discussed in the Appendix.
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2. Reference Supernova Model
Our reference model is characterized by the following choices for the initial neutrino
energy spectra, the geometry and intensity of neutrino emission, and the matter profile,
which govern the distribution of the three basic “frequencies” ω, µ, and λ, respectively.
We shall use such choices in the usual, simplified context of pure two-family (νe, νx)
evolution [42, 43], where νx represents a single active flavor. It is worth noticing that,
for λ 6= 0, this case does not exactly represent the two-family limit (for δm2 = 0) of
the general three-family case, contrary to the familiar MSW effects in SNe. In fact, in
the presence of self-interactions, the flavor evolution depends on the absolute effective
neutrino densities and, thus, also on the total number of neutrino families (either two or
three) assumed to share the total luminosity. The full 3ν case (and its proper 2ν limit)
will be studied elsewhere.
2.1. Initial Neutrino Energy Spectra
We assume normalized thermal spectra with different temperatures T = 1/β for νe, νe,
and νx (the latter having the same properties as νx). More precisely, the initial energy
spectra φi(E) are of the form
φi(E) =
2β
3ζ3
(βE) 2
eβE + 1
, (4)
where ζ3 ≃ 1.202. The average values of E and E−1 are then:
〈E±1〉 =
∫
dE φ(E)E±1 = c± T
±1 = c± β
∓1, (5)
where c+ = 7π
4/180ζ3 ≃ 3.151 and c− = π2/18ζ3 ≃ 0.4561. In numerical calculations
we choose 〈Ee〉 = 10 MeV, 〈Ee〉 = 15 MeV, and 〈Ex〉 = 〈Ex〉 = 24 MeV for νe, νe, νx
and νx, respectively, corresponding to
βe = 0.315 , βe = 0.210 , βx = βx = 0.131 (MeV
−1) . (6)
2.2. Emission Geometry and Intensity
We adopt the“bulb model” emission described in [17], to which the reader is referred
for further details. Neutrinos are assumed to be half-isotropically emitted above the
neutrino-sphere, i.e., all the outward moving modes are equally occupied as expected
from a blackbody emission. The neutrino number flux jν per unit energy (in any
direction) is then given by [17]
jν(E) =
Fν
2π
φi(E)
〈E〉 , (7)
where
Fν =
Lν
2πR2ν
, (8)
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Figure 1. Initial fluxes (at r = 10 km, in arbitrary units) for different neutrino species
as a function of energy. The fluxes are all proportional to φi(E)/〈E〉.
Rν being the neutrino-sphere radius, while Lν is the total emission power for a given
neutrino species. In numerical calculations, we assume reference values Rν = 10 km and
Lν = 10
51 erg/s for each species ν = νe, νe, νx, νx.
Figure 1 shows the initial neutrino number fluxes per unit energy in arbitrary units
(all fluxes being proportional to φi(E)/〈E〉 through the same normalization constant).
Notice the significant difference (asymmetry) between neutrinos and antineutrinos, and
between different neutrino flavors. However, the νe and νx fluxes happen to coincide
at an energy Eeq ≃ 19 MeV, while for the νe and νx fluxes the equality occurs at
Eeq ≃ 24 MeV. Flavor transformations of any kind are not operative for neutrinos at
E = Eeq, and for antineutrinos at E = Eeq.
The spherical symmetry of emission reduces to a cylindrical symmetry along the
radial line-of-sight (polar axis). At any radius r > Rν along the polar axis, neutrinos will
arrive with different momenta p characterized by |p| = E, incident polar angle ϑ, and
azimuthal angle ϕ. In the calculation of self-interaction effects, the effective differential
neutrino number density dnp with momentum between p and p+ dp is then [17]
dnp = jν(E)dΩ = jν(E) dϕ d cosϑ , (9)
within the cone of sight of the neutrino-sphere, with ϑ ∈ [0, ϑmax], being
ϑmax = arcsin(Rν/r) . (10)
In general, angular coordinates are important, since the interaction strength
between two neutrinos of momenta p and q depends on their relative angle ϑpq through
the factor (1−cosϑpq). Calculations embedding the full angular coordinates are dubbed
“multi-angle.” The often used “single-angle” approximation consists in averaging the
angular factor along the polar axis, which is assumed to encode the same flavor history
of any other neutrino direction. In this case, the effective neutrino number density n
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per unit volume and energy turns out to be [17]
n(r, E) = 2πD(r) jν(E) = Fν D(r)
φi(E)
〈E〉 (11)
for the various neutrino species (n = ne, ne, nx or nx), where the (species-independent)
geometrical function D(r) is given by
D(r) =
1
2

1−
√
1−
(
Rν
r
)2
2
, (12)
decreasing as r−4 for large r. The ν-ν asymmetry of the model implies ne 6= ne.
It is useful to integrate the effective densities per unit energy and volume (ne, ne,
and nx = nx) to obtain the effective number densities of νe, νe and νx (νx),
Ne =
∫
dE ne = Fν
D(r)
〈Ee〉 =
Fν
c+
D(r) βe , (13)
N e =
∫
dE ne = Fν
D(r)
〈Ee〉
=
Fν
c+
D(r) βe , (14)
Nx =
∫
dE nx = Fν
D(r)
〈Ex〉 =
Fν
c+
D(r) βx = Nx (15)
as well as the total effective number densities of neutrinos and antineutrinos,
N = Ne +Nx , (16)
N = N e +Nx , (17)
from which one can finally derive the parameter µ =
√
2GF (N +N), which governs the
neutrino self-interaction strength.
Figure 2 shows the function µ(r) in our reference SN model (together with the
ordinary MSW strength λ(r) defined below) in the range r ∈ [10, 200] km relevant for
self-interaction effects. Also shown are the approximate ranges where these effects induce
synchronization, bipolar oscillations and spectral split, as discussed later in Sec. 3.
2.3. Matter Profile
Shock waves propagating during the first few second after bounce can produce very
interesting MSW effects when λ ∼ ω, provided that sin2 θ13 is not too small [4–11].
For the typical (time-dependent) matter profiles used in these studies, such effects
usually emerge in the first ∼ 10 s after a few hundred kilometers from the SN core, in
which case collective neutrino self-interaction effects are already completely developed,
as we shall see later. In this case, the specific choice of the neutrino potential profile
λ(r) =
√
2GfNe− turns out to have only a minor impact on the evolution of self-
interaction effects, even if λ(r) ≫ µ(r). For the sake of definiteness, we single out one
of the time-dependent profiles studied in [7] (the one at post-bounce time t = 5 s), and
steepen it in a few km range above the neutrino sphere as suggested in [17, 50].§ The
resulting profile λ(r) adopted in this work is shown in Figure 2.
§ The local steepening does not change any feature of the collective neutrino flavor transformations,
but it turns out to help the start-up of our numerical evolution routines in the first few km.
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Figure 2. Radial profiles of the neutrino self-interaction parameter µ(r) =√
2GF (N +N) and of the matter-interaction parameter λ(r) =
√
2GF Ne− adopted
in this work, in the range r ∈ [10, 200] km. Shown are also the approximative ranges
where self-interaction effects are expected to produce mainly synchronization, bipolar
oscillations and spectral split (see the text for details).
3. Single-Angle Approximation: Analytical aspects
An ensemble of relativistic neutrinos and antineutrinos coming in F flavors can be
described by a set of dimensionless F × F density matrices ρp and ρ¯p, one for each
momentum mode. The most general Liouville evolution equations for ρp have been
worked out in [51]. In this Section we specialize and discuss such equations in Bloch form
for F = 2 and single-angle approximation. Although we mostly rely on the formalism
introduced in [43] and on the results presented in [17, 42–45], we think it useful—for the
sake of clarity and self-consistency—to give a systematic overview of the asymmetric
(ne 6= ne) and continuous-energy case, also because our choice of thermal spectra allows
some useful analytical estimates in terms of temperature parameters β = 1/T .
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3.1. Bloch Vector Notation
We consider two-family mixing between νe and νx (νe and νx), driven by mass-mixing
parameters (∆m2, sin2 θ13). In this case, one can switch from normal to inverted mass
hierarchy in two ways: (1) mixing is kept unaltered while +∆m2 → −∆m2; or (2) ∆m2
is kept positive, while the mixing angle is swapped, sin θ13 ↔ cos θ13 (which implies
+ cos 2θ13 → − cos 2θ13, with unaltered sin 2θ13). Hereafter we adopt the latter choice,
as advocated in [43]. In numerical calculations, we assume reference values
∆m2 = 2× 10−3 eV2 , sin2 θ13 = 10−4 . (18)
In the single-angle approximation, the only kinematical parameter is E = |p|.
For each energy E and radius r, the neutrino density matrix ρ in flavor basis can be
written in terms of polarization (Bloch) vector P = (Px, Py, Pz)
T = Pxx + Pyy + Pzz,
being x,y and z three orthogonal unit vectors, and of the vector of Pauli matrices
σ = (σx, σy, σz)
T ,
ρ =
(
ρee ρex
ρxe ρxx
)
=
( |νe|2 νeν∗x
ν∗eνx |νx|2
)
=
n
2
(1+P · σ) , (19)
where 1 is the unit matrix, n = Tr(ρ) = ne + nx represents the occupation number of
neutrinos (per unit volume) at energy E, and the densities are defined through Eq. (11)
in our model. Analogous definitions in terms of P hold for antineutrinos. The initial
conditions in flavor basis ρi = diag(ne, nx) and ρ
i = diag(ne, nx) correspond to
Pi = P iz z =
ne − nx
n
z , (20)
P
i
= P
i
z z =
ne − nx
n
z . (21)
The final (f) survival probabilities are then given by
Pee = P (ν
i
e → νfe ) =
1
2
(
1 +
P fz
P iz
)
, (22)
P ee = P (ν
i
e → νfe ) =
1
2

1 + P
f
z
P
i
z

 . (23)
It is useful to introduce the integral polarization vectors of neutrinos and
antineutrinos,
J =
1
N +N
∫
dE nP , (24)
J =
1
N +N
∫
dE nP , (25)
as well as their sum S and difference D,
S = J+ J , (26)
D = J− J . (27)
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The initial conditions imply that
Ji =
Ne −Nx
N +N
z =
βe − βx
βe + βe + 2βx
z , (28)
J
i
=
N e −Nx
N +N
z =
βe − βx
βe + βe + 2βx
z , (29)
Si =
Ne +N e − 2Nx
N +N
z =
βe + βe − 2βx
βe + βe + 2βx
z , (30)
Di =
Ne −N e
N +N
z =
βe − βe
βe + βe + 2βx
z . (31)
Another auxiliary (unit) vector is the “magnetic field,”
B = sin 2θ13 x∓ cos 2θ13 z (32)
where the upper (lower) sign refers to normal (inverted) hierarchy. For small θ13, one
can take B ≃ ∓z, unless the relevant dynamics is very close to the z axis.
3.2. Equations Of Motion And Removal of Matter Effects
The Bloch equations of motion (EOM) for each polarization vector P read, in single-
angle approximation,
P˙ = (+ωB+ λz+ µD)×P , (33)
P˙ = (−ωB+ λz+ µD)×P , (34)
where the three terms in brackets embed vacuum, matter, and self-interaction effects. In
particular, the third term couples all modes P and P, and is responsible for collective
effects. The equations conserve each |P| and thus unitarity. It is understood that
P = P(E, r), λ = λ(r), and µ = µ(r), with r = t and dt = dr. If the continuous
parameter E is discretized through a set of NE points {Eh}h=1,...,NE , then a set of
6 × NE coupled, first-order differential equations in t is obtained. The equations are
“stiff,” namely, their solutions generally involve a fast-changing combination of multi-
frequency oscillations, due to the “precession” of P and P around the three terms in
brackets. It is thus amazing that, through appropriate approximations, the resulting
dynamics turns out to be understandable in terms of simple phenomena, as discussed
below.
In a frame rotating with angular velocity λz [42], the time derivative acquires an
extra operator −λz×, which cancels the matter term. Moreover, the z-component
of P (and of any other vector) are unchanged in such co-rotating frame, and
thus the survival probability Pee is also unchanged. Only the transverse (x, y)
components of any vector get mixed, e.g., the “magnetic field” becomes B =
(sin 2θ13 cos(−λt), sin 2θ13 sin(−λt), ∓ cos 2θ13)T . Again, one can still take B ≃ ∓z,
unless the relevant dynamics does not occur too close to B or z (a case which will be
discussed separately). Matter (λ) effects thus “disappear” in such co-rotating frame, as
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pointed out in [42], leaving the other terms in the EOM formally unchanged:
P˙ = (+ωB+ µD)×P , (35)
P˙ = (−ωB+ µD)×P . (36)
The corresponding EOM for integral quantities are:
J˙ = +B×W + µD× J , (37)
J˙ = −B×W + µD× J , (38)
S˙ = B× (W −W) + µD× S , (39)
D˙ = B× (W +W) , (40)
where
W =
1
N +N
∫
dE ω nP , (41)
W =
1
N +N
∫
dE ω nP , (42)
with initial conditions implying
Wi =
1
N +N
∫
dE ω (ne − nx) z = ∆m
2 c−
2
β2e − β2x
βe + βe + 2βx
z , (43)
W
i
=
1
N +N
∫
dE ω (ne − nx) z = ∆m
2 c−
2
β
2
e − β2x
βe + βe + 2βx
z . (44)
3.3. Conservation Laws and Spectral Split
The equation for D˙ implies conservation of the scalar
D ·B = const = Di ·B ≃ ∓Di · z = ∓Ne −N e
N +N
, (45)
corresponding to the conservation of the (electron) lepton number, and implying pair
conversions of the kind νeνe → νxνx [43].
In the special case of (nearly) constant neutrino density (µ˙ ≃ 0), another conserved
scalar is the average energy per neutrino pair, given by
E = B · (W +W) + 1
2
µD2 = V + T , (46)
where the first (second) term acts as a sort of potential (kinetic) energy.
When r is sufficiently large to make self-interaction effects vanish (µ ≪ ω), the
kinetic term T also vanishes, and the “ground state” for E would corresponds to the
minimization of the potential V, i.e., to W and W aligned as much as possible with
−B (in any hierarchy), provided that lepton number is also conserved.
Since the vectors W and W always start aligned to z, this implies that, in normal
hierarchy (z ≃ −B) they end up in the same position, trivially conserving lepton number
(i.e., the system starts—and remains—close to the minimum of the potential energy).
Conversely, in inverted hierarchy (z ≃ +B) the vectors W and W start antialigned
with −B (maximum of the potential), and for large r they should reverse their direction
Collective neutrino flavor transitions in supernovae and the role of trajectory averaging 11
in order to approach the potential minimum. Reversal cannot be complete, however,
since it would maximally violate (invert) lepton number. Consistent minimization of the
potential can be achieved by complete reversal of the smallest vector W, and by partial
reversal of the largest vector W (note that the excess of neutrinos over antineutrinos
leads to |W| > |W|).
More precisely, only a fractionW> ofW, the fraction above a certain critical (split)
energy Ec, is reversed, while the complementary fraction, W< = W −W>, remains
unaltered [44–49]. In such final state, the critical energy is fixed by lepton number
conservation, i.e., by Diz = D
f
z with
(N +N)Dfz =
∫ Ec
0
dE(ne−nx)−
∫ ∞
Ec
dE(ne−nx)+
∫ ∞
0
dE(ne−nx) ,(47)
the last two terms having the opposite overall sign in the initial state (N +N)Diz. Then
one gets an implicit equation for Ec,∫ ∞
Ec
dE(ne − nx) =
∫ ∞
0
dE(ne − nx) , (48)
which, in our specific SN model, is solved for Ec ≃ 7 MeV. When all collective effects
are terminated (µ ≪ ω), one expects a nearly complete inversion of the polarization
vectors for E > Ec, and thus a “stepwise swap” between the νe and νx energy spectra.
Of course, such reasoning is heuristic, and does not prove that the dynamics allows
the system to reach the peculiar final state discussed above. We refer the reader to [44–
48] for explicit solutions constructed in adiabatic approximation (slowly decreasing µ),
which indeed lead to spectral split under rather broad assumptions. On the other hand,
such adiabatic solutions average out the interesting transient phenomenon of bipolar
oscillations [42, 43], which we discuss below.
3.4. Alignment Approximation and Gyroscopic Pendulum
For µ|D| ≫ ω, Eqs. (35)–(38) reduce to the same form V˙ ≃ µD × V, and thus
all polarization vectors V = P, P, J, and J have the same dynamics (in particular,
they remain closely aligned to each other, and to the z-axis, as they are at the start).
As µ decreases, the ±ω terms in the EOM start to be non-negligible, and neutrino
and antineutrino polarization vectors develop different precession histories. As far as
∆ω/µ remains small, where ∆ω is the typical energy spread, the individual P’s stick
to the global vector J (i.e., their components parallel to J typically dominate over the
transverse ones), and analogously the P’s stick to J, with J and J gradually separating
from each other.‖
Within such “alignment approximation,” also W (W) is nearly parallel to J (J),
W ≃ w J , (49)
W ≃ w J , (50)
‖ This approximation may become ill-defined in the symmetric case ne = ne (not our case), where the
smallness of |D| makes the condition µ|D| ≫ ω critical and the (J,J) separation unclear. See, e.g., the
remarks in Sec. VI A of [43].
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and Eqs. (37)-(38) become
J˙ = [(ωdif + ωave)B+ µD]× J , (51)
J˙ = [(ωdif − ωave)B+ µD]× J , (52)
where we have defined
ωave = (w + w)/2 , (53)
ωdif = (w − w)/2 . (54)
Equations (51)-(52) imply conservation of the vector moduli J = |J| and J = |J|,
as well as of W = |W| and W = |W|. The frequencies w and w can be evaluated, e.g.,
in the initial state, providing
ωave =
1
2

W iz
J iz
+
W
i
z
J
i
z

 =
∫
dE ω(ne − nx)
2(Ne −Nx) +
∫
dE ω(ne − nx)
2(N e −Nx)
=
∆m2c−
4
(βe + βe + 2βx) . (55)
In our specific SN model, for ∆m2 = 2× 10−3 eV2 it is
ωave ≃ 0.9 km−1 . (56)
By going in a co-rotating frame with frequency ωdifB ≃ ∓ωdifz, the terms ωdifB× in
Eqs. (51)-(52) are rotated away, with no other formal change in the EOM for J and J.
The ωdifB× terms disappear also from the EOM of S and D. By defining
Q = S− (ωave/µ)B [43], and assuming µ˙ ≃ 0 (adiabatic variations of µ), Eqs. (39)-(40)
can be written as
Q˙ = µD×Q , (57)
D˙ = ωaveB×Q , (58)
showing that the (ν, ν) ensamble is characterized by a single, collective frequency ωave,
despite the existence of a continuous energy spectra. Notice that Q = |Q| is conserved,
as well as D ·B and D ·Q [43].
It has been realized that Eqs. (57)-(58) describe a gyroscopic pendulum in flavor
space [43, 44]. In particular, by making the identifications
Q/Q ≡ r (unit length vector) , (59)
D ≡ L (total angular momentum) , (60)
µ−1 ≡ m (mass) , (61)
D ·Q/Q ≡ σ (spin) , (62)
ωave µQB ≡ − g (gravity field) , (63)
one can write Eqs. (57)-(58) in the form (after right-multiplying Eq. (57) by r×)
L = mr × r˙+ σr , (64)
L˙ = mr × g , (65)
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which are the equations of motion of a spherical pendulum of unit length (|r| = 1),
subject to a constant gravity field g, and characterized by a point-like bob of mass m
which spins around the pendulum axis r with constant (inner) angular momentum σ.
The most general evolution of this system is a combination of two periodic motions of
the bob, one around the vertical g axis (precession) and the other along it (nutation)
[43, 44]. An explicit solution of the EOM can be constructed in terms of quadratures
involving the three integrals of motion [52, 53], namely, the spin σ = L · r, the vertical
component of the angular momentum L · g/|g|, and the energy E which now equals
E = −mg · r+
(
m
2
r˙2 +
σ2
2m
)
, (66)
where we have kept the spin term in the (bracketed) kinetic energy. The explicit
solution, however, involves elliptic integrals and is not particularly transparent. Here it
is sufficient to recall the following global features of the pendulum motion.
In normal hierarchy, the pendulum starts close to the stable, downward position
(the misalignment being of O(θ13)), and remains close to it as µ slowly decreases (i.e.,
m slowly increases). Conversely, in inverted hierarchy, the pendulum starts close to
the “unstable,” upward position. When µ is large and thus m is small, however, the
bob spin σ dominates (“fast rotator”), and the pendulum remains precessing in the
upward position to conserve angular momentum (“sleeping top”) [44, 52]. This situation
(also dubbed as “synchronization” [32, 43] in the SN neutrino context) is stable if the
dominant (spin) kinetic term is larger than the maximum excursion of the potential
energy [43, 44, 52], namely,
σ2
2m
> 2m|g| . (67)
For large µ/ωave (and thus vertically aligned polarization vectors), this condition
translates into µ > µsup, where
µsup ≃ 4ωave S
i
z
(Diz)
2
= 4ωave
(Ne +N e)
2 − (Nx +Nx)2
(Ne −N e)2
= 4ωave
(βe + βe)
2 − 4β2x
(βe − βe)2
. (68)
In our reference SN model, it is
µsup ≃ 75ωave ≃ 67 km−1 . (69)
Conversely, when µ < µsup, any initial misalignment with the “vertical axis” set
by g (i.e., any θ13 6= 0, no matter how small) triggers the first fall of the pendulum
and its subsequent nutations (also dubbed as “bipolar oscillations” in the SN neutrino
context). If µ were constant, bipolar oscillations would be exactly periodic. However,
the decrease of µ implies an increase of the pendulum inertia (m); the pendulum never
swings back to exactly the same uppermost position, which instead steadily decreases,
together with the vertical amplitude of nutations (roughly ∝ µ1/2 [43, 44]). Bipolar
oscillations are then expected to vanish when self-interaction and vacuum effects are
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comparable, and the “alignment approximation” breaks down. More precisely, one may
expect this condition to occur when the µ and ω terms in the EOM of J and J are of
the same size (µD ·B ∼ ωave), implying µ ∼ µinf with
µinf =
ωave
Diz
= ωave
N +N
Ne −N e
= ωave
βe + βe + 2βx
βe − βe
(70)
In our reference SN model, it is
µinf ≃ 7.5ωave ≃ 6.7 km−1 . (71)
The condition µ ≃ µinf roughly marks the “end” of bipolar oscillations and of
collective effects, but not yet of all self-interaction effects. In particular, spectral split
effects continue to build up for µ∼<µinf , and eventually freeze out for µ ≪ ωave. The
reason is that the neutrino spectral split requires a separation of the vector W into
parts W< and W> oppositely evolving in the z-component. As far as the alignment
approximation holds (and thus bipolar oscillations occur), this split cannot fully develop,
and should therefore be complete somewhat beyond the bipolar range. Of course, there
is no sharp boundary between the two processes: in the range where µ ∼ µinf , one should
observe a smooth vanishing of bipolar oscillations, and a gradual build-up of the spectral
split, through the polarization reversal of neutrinos with E > Ec, with an associated
non-conservation of W (and of J). Summarizing, we expect the following sequence of
dominant phenomena, where the radial ranges refer to our reference SN model:
µ∼>µsup : synchronized oscillations (r∼< 55 km) , (72)
µinf ∼<µ∼<µsup : bipolar oscillations (55 km∼<r∼< 100 km) , (73)
µ∼<µinf : spectral split (r∼> 100 km) . (74)
Such ranges are explictly shown in Fig. 2. For numerical purposes, we shall stop our
investigations to 200 km in this paper. We are not concerned here with subsequent
(ordinary or “stochastic”) MSW transitions which may occur later at r ∼ O(103) km
when λ ≃ ω.
3.5. The Revenge of Matter Effects
Matter λ effects can alter the previous description in two ways: (1) by anticipating the
MSW condition λ ≃ ωave within the first O(200) km in shallow matter profiles (not our
case), thus interfering with collective effects in the same range [17, 46];(2) by altering
the dynamics when the polarization vectors are very close to z, which occurs just at the
transition between synchronized and bipolar oscillations [43]. When the latter transition
occurs, matter (λ) and small mixing (θ13) effects cannot be completely co-rotated away,
the B ≃ ∓z approximation fails, and the transverse components of B (oscillating with
amplitude sin 2θ13 and frequency λ) must be taken into account. In the nontrivial case
of inverted hierarchy, it turns out that their general effect is to further stabilize the
“upward” pendulum position [43], elongating the period of (at least) the first bipolar
swing. Explicit analytic estimates have been presented in [43] for the symmetric case
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Figure 3. Single-angle simulation in inverted hierarchy: Modulus and z-component
of the global polarization vector of neutrinos (J) and antineutrinos (J), as a function
of radius. The difference Dz = Jz − Jz (not shown) remains strictly constant in r.
ne = ne, by solving the full EOM with time-varying B and for small deviations around
the vertical directions. If we take these estimates as a reasonable proxy also for our
asymmetric case (ne 6= ne), we expect that the first bipolar oscillation (nutation) should
be a factor of ∼ 4 longer than the next ones (which are much less affected by these
subtle matter effect, the uppermost pendulum position becoming increasingly tilted
for decreasing µ). The onset of bipolar oscillations is then expected to be somewhat
delayed beyond r = 55 km in our reference SN model, by a time span equivalent to “a
few nutations.”
4. Single-Angle Approximation: Numerical results
The previous analytical expectations for the single-angle case are nicely confirmed by our
simulations. We numerically evolve Eqs. (33)-(34) in the range r ∈ [10, 200] km within
our reference SN model, considering only in the nontrivial case of inverted hierarchy (we
have anyway checked that no significant effect occurs in normal hierarchy). Technical
details are discussed in the Appendix: here we focus only on the results and their
interpretation.
Figure 3 shows the radial evolution of the modulus J and z-component Jz of the
global neutrino polarization vector J (and analogously for the antineutrino vector J).
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Their radial profile can be interpreted as follows. Up to ∼ 68 km, it is J = Jz and
J = Jz: all polarization vectors are “glued” (synchronized) along the vertical axis,
and the gyroscopic flavor pendulum just spins in the upward position without falling.
At r ∼ 68 km, the pendulum falls for the first time and nutations appear, marking
the transition from synchronized to bipolar regime. The transition is retarded by a few
nutation periods (from the expected ∼ 55 km to∼ 68 km) by the matter effects discussed
in the previous Section. The nutation amplitude gradually decrease (as ∼ µ1/2), and
bipolar oscillations eventually vanish for r∼> 100 km, as expected.
At the same time, the spectral split effect builds up. Antineutrinos tend
to completely reverse the polarization vector (J → −J), thus minimizing their
“potential energy” (after which nothing relevant happens to them), so that Jz ≃ −J
asymptotically.¶ Neutrinos also try to invert their global polarization vector (as much
as it is allowed by lepton number conservation) as soon as the alignment approximation
breaks down (µ∼<µinf) and non-conservation of J is allowed. Indeed, for r∼> 100 km,
J decreases. Eventually the situation J ≃ Jz is reached (slightly beyond the r range
in Fig. 3), when the spectral splitting is frozen, corresponding to a final state with J
aligned with +z and J aligned with −z. In all the above processes, lepton number is
strictly conserved, leading to the constancy of Dz = Jz−J z at any r. From the point of
view of observable oscillation probabilities (related to the z-component of polarization
vectors), the situation is basically frozen well before r ∼ 200 km. We can conclude
that the behavior of J , J , Jz and Jz is well understood, with good agreement between
analytical expectations and numerical simulations. The agreement can also be extended
to more detailed features of the energy spectrum, as discussed next.
Figure 4 shows the behavior of the individual polarization components Pz (upper
panel) and P z (lower panel) as a function of r, for five representative values of energy (in
MeV): E1 ≃ 5.2, E2 ≃ 12.4, E3 ≃ 19.1, E4 ≃ 23.8, and E5 ≃ 31.3 (which are a subset of
the grid sampling energies, hence their “non-rounded” values).+ In Fig. 4, the onset of
bipolar oscillations and their nutation periods are clearly equal for both ν and ν at any
energy, confirming the appearance of a self-induced collective behavior, characterized by
a single frequency parameter ωave for all (anti)neutrinos, despite the spread of vacuum
oscillation frequencies ω. However, the fate of each Pz or P z does depend on energy. For
neutrinos (upper panel in Fig. 4), one can clearly see the phenomenon of spectral split
around Ec ≃ 7 MeV: the curve at E1 < Ec ends up at the same initial value, while the
curves at E2, E4, E5 > Ec show the expected inversion Pz → −Pz. Only the curve at
energy E3 does not change much (Pz ≃ 0 at any r), being close to the energy Eeq where
the νe and νx fluxes are equal (see Fig. 1), and flavor transformations are inoperative.
For antineutrinos (lower panel in Fig. 4), all curves show complete polarization reversal
as expected (P z → −P z), including the “trivial” case P z ≃ 0 at E4 ≃ Eeq, where the
νe and νx fluxes are equal. We conclude that the numerical simulations confirm the
¶ There is actually a slight loss of J during bipolar oscillations in Fig. 3 (as also numerically observed
in [49]) which makes the final |Jfz | ≃ 0.09 slightly smaller than the initial J iz ≃ 0.1.
+ We do not show the moduli, which are always strictly conserved.
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Figure 4. Single-angle simulation in inverted hierarchy: z-component of the
polarization vector of neutrinos (Pz, upper panel) and antineutrinos (P z, lower panel)
as a function of radius, for five representative values of the energy.
end of bipolar oscillations and the appearance of the energy split phenomenon (around
r ∼ 100 km) with the expected global features. There is only a minor “unexpected”
effect (lack of P z reversal for E∼< 4 MeV, not shown in Fig. 4), as commented below.
At r = 200 km, self-induced flavor transformations have basically ended. The
transition from initial (r = 10 km) to final (r = 200 km) fluxes implies, in our two-
family scenario (Pee = Pxx = 1− Pex, see also the remarks at the beginning of Sec. 2),
φie(E)
〈Ee〉 −→
φie(E)
〈Ee〉 Pee(E) +
φix(E)
〈Ex〉 [1− Pee(E)] , (75)
φix(E)
〈Ex〉 −→
φix(E)
〈Ex〉 Pee(E) +
φie(E)
〈Ee〉 [1− Pee(E)] , (76)
and similarly for antineutrinos.
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Figure 5. Single-angle simulation in inverted hierarchy: Final fluxes (at r = 200 km,
in arbitrary units) for different neutrino species as a function of energy. Initial fluxes
are shown as dotted lines to guide the eye.
Figure 5 shows the final neutrino and antineutrino fluxes calculated in this way.
The left panel (neutrinos) clearly shows the spectral split effect, and the corresponding
sudden swap of νe and νx fluxes above Ec ≃ 7 MeV. In the right panel of Fig. 5,
the final antineutrino spectra are basically completely swapped with respect to the
initial ones (compare with Fig. 1), except at very low energies, where there appears
an “antineutrino” spectral split. We relate this phenomenon to the loss of J and
of |Jz| observed and commented in Fig. 3: The small deficit |Jfz | < J iz can indeed
obtained, analogously to the neutrino case, through the lack of P z reversal for low-energy
antineutrinos (E < Ec with Ec∼< 4 MeV). A better understanding of this minor feature
and of the |Jz| loss would be desirable; however, we anticipate that the antineutrino
spectral split is largely smeared out in multi-angle simulation, contrary to the neutrino
spectral split which appears to be a robust, observable feature.
5. Multi-angle Simulations: Notation and Numerical results
In the multi-angle case (applied to the neutrino bulb model), any single polarization
vector depends not only on the energy E and on the total propagation distance along a
neutrino trajectory t, but also on the (incident) angle ϑ between the neutrino trajectory
and the polar axis. The vectors Pϑ(E, t) and Pϑ(E, t) obey then the following EOM
[17],
P˙ϑ =
[
+ωB+λz+2π
√
2GF
∫
dcϑ′ dE (1− cϑcϑ′)(jPϑ′ − jPϑ′)
]
×Pϑ , (77)
P˙ϑ =
[
−ωB+λz+2π
√
2GF
∫
dcϑ′ dE (1− cϑcϑ′)(jPϑ′ − jPϑ′)
]
×Pϑ , (78)
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where cϑ = cosϑ with ϑ ∈ [0, ϑmax] and cϑ′ = cosϑ′ ∈ [cos ϑmax, 1],∗ while j and j are
the total neutrino and antineutrino number densities
j = je + jx , (79)
j = je + jx , (80)
as defined in Sec. 2.2.
It is useful to characterize all the properties of the neutrino beam by using the
radius r and the emission angle ϑ0 at the neutrinosphere [17], by means of
r sinϑ = Rν sin ϑ0 , (81)
t =
√
r2 − R2ν sin2 ϑ0 −Rν cosϑ0 , (82)
the range of cos ϑ0 being constantly [0, 1] at any r. Along a generic trajectory at angle ϑ,
dt = dr/cϑ, and thus dt = cϑdr. Since any couple (t, ϑ) is in one-to-one correspondence
with (r, ϑ0), the polarization vectors can be relabeled as Pϑ0(E, r).
For convenience, one may define effective densities n as in the single-angle case,
n(r, E) = 2πD(r)j(E), so that the initial conditions at r = Rν become as usual
Piϑ0 = (je − jx)/j = (ne − nx)/n , (83)
P
i
ϑ0 = (je − jx)/j = (ne − nx)/n . (84)
The single-angle limit is recovered by fixing ϑ = 0 = ϑ0 and by assuming that
all polarization vectors behave as the ones at ϑ0 = 0, in which case the integral∫
dcϑ′(1 − cϑ′) = D(r) is factorized out (this is actually the way D(r) is originally
defined [17]). ♯
Equations (77)-(78) reduce then to Eqs. (33)-(34) after the integrated densities N
and N are introduced as in Sec. 2.2.
Angle-averaged polarization vectors can be defined as
P =
∫
dcϑ0 cϑ0 Pϑ0∫
dcϑ0 cϑ0
, (85)
(and similarly for P), where the “extra” cosine factor accounts for projection in radial
direction [49]. Global polarization vectors J, J andD = J−J can then be defined in the
same way as in Sec. 3.2. Although their EOM are not as simple as in the single-angle
case, it turns out that D ·B ≃ Dz is still a conserved scalar [43, 49] (proof omitted).
The angular dependence of the neutrino-neutrino interaction strength is generally
expected to introduce some “dephasing” or kinematical decoherence between different
neutrino trajectories, and to smear out the “fine structures” observed in single-angle
simulations. While decoherence effects are dominant in the symmetric case (ne = ne)
[34], they seem to be only subdominant in asymmetric cases (ne 6= ne) [17, 49]. In
the latter case their quantitative description lacks, at the moment, of an analytical
∗ The angles ϑ and ϑ′ must lie in the cone subtending the neutrinosphere. The factor 2π = ∫ dϕ comes
from cylindrical symmetry within this cone.
♯ An alternative single-angle case has been recently studied in [49], by selecting the emission angle
ϑ0 = π/4 instead of ϑ0 = 0 = ϑ.
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Figure 6. Multi-angle simulation in inverted hierarchy: Modulus and z-component of
the global polarization vector of neutrinos (J) and antineutrinos (J), as a function of
radius. The difference Dz = Jz − Jz (not shown) remains strictly constant in r.
understanding, and relies mainly on numerical simulations [49]. However, one may
at least expect that the appearance of the neutrino spectral split phenomenon is
not spoiled in multi-angle cases, being based on the broad-brush picture of potential
energy minimization (i.e., final (anti)alignment with B) constrained by lepton number
conservation (i.e., constant Dz). This expectation is confirmed by the numerical
simulations discussed below, which refer only to the nontrivial case of inverted hierarchy.
Figure 6 is the multi-angle analogue of Fig. 3. By comparing the two figures,
it appears that bipolar oscillations of J and J are largely suppressed in the multi-
angle case, only the first nutation being clearly visible. Moreover, such nutation starts
somewhat later (r ≃ 76 km) as compared with the single-angle case (r ≃ 68 km). These
features can be understood in terms of the different self-interaction effects experienced
along different trajectories. In multi-angle simulations, neutrino-neutrino angles can be
larger than the (single-angle) average one, leading to somewhat stronger self-interaction
effects, which keep the system in synchronized mode for a slightly longer time, and thus
delay the first nutation. Along different trajectories, the subsequent bipolar oscillations
have also somewhat different amplitudes and phases, which tend to cancel out in the
global polarization vectors. For a similar reason (relatively stronger self-interaction
effects, as compared to single-angle), in Fig. 6 there is a slightly more pronounced loss
(depolarization) of J at the start of the first bipolar oscillation, and at the same time a
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Figure 7. Multi-angle simulation in inverted hierarchy: z-component of the
polarization vector of neutrinos (Pz, upper panel) and antineutrinos (P z, lower panel)
as a function of radius, for five representative values of the energy.
prolonged “coherence” of J (slower decrease of J), with respect to Fig. 3. However, just
as in the single-angle case, it turns out that Jz gets finally reversed, while the difference
Dz = Jz − Jz is exactly conserved. The reversal becomes more evident by looking at
specific (anti)neutrino energies.
Figure 7 shows the behavior of the z-component of angle-averaged polarization
vectors [Eq. (85)] for neutrinos (Pz, upper panel) and antineutrinos (P z, lower panel)
in our multi-angle simulation, at fixed energies. The behavior is qualitatively similar
to a “smeared version” of the single-angle curves in Fig. 4, with polarization vectors
reversing (or not) their z-components as expected. The small depth (or absence) of
nutations makes it more evident that the polarization reversal (i.e., the spectral split)
starts to dominate over the bipolar mode around the expected radius r ≃ 100 km.
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Figure 8. Multi-angle simulation in inverted hierarchy: Final fluxes (at r = 200 km,
in arbitrary units) for different neutrino species as a function of energy. Initial fluxes
are shown as dotted lines to guide the eye.
Figure 8 shows the final (r = 200 km) ν and ν fluxes as a function of energy. The
neutrino spectral swap at E > Ec ≃ 7 MeV is rather evident in the left panel, although
it is less sharp with respect to the single-angle case in Fig. 5. In the right panel of Fig. 8,
the minor feature associated to the “antineutrino spectral split” is largely smeared out
(see the same panel in Fig. 5), and survives as a small excess of νe at low energy.
The spectra in Figure 8 are largely independent from the specific mixing value
chosen for the simulations (sin2 θ13 = 10
−4), as far as θ13 > 0 (as we have also
checked numerically). Variations of sin2 θ13 only lead to logarithmic variations in
the (unobservable) synchronized-bipolar transition radius, and in the depth of bipolar
oscillations [43, 44], which are anyway smeared out in multi-angle simulations, as we
have just seen. Therefore, the spectra in Figure 8 may be taken as rather general
“initial conditions” for possible later (ordinary or stochastic) matter effects, occurring
when ω ∼ λ(r) at r ≫ 200 km. These later, ordinary matter effects are instead strongly
dependent on θ13, and vanish for, say, sin
2 θ13∼< 10−5 (see, e.g., [7]). If θ13 is indeed that
small (but nonzero), neutrino self-interaction effects could be the only source of flavor
transformations in (anti)neutrino spectra.
In conclusion, for 0 < sin2 θ13∼< 10−5, the observable spectra at the SN exit
would be similar to those in Fig. 1 for the normal hierarchy case (no significant flavor
transformations of any kind), and to those in Fig. 8 for the inverted hierarchy case (large
self-interaction effects). For sin2 θ13∼> 10−5, the same spectra should be taken as “initial
conditions” for the calculation of subsequent MSW effects. Once more, we remark that
the decoupling of self-interaction and MSW effects is a characteristic of our adopted
SN model, inspired by shock-wave simulations [7]. The phenomenology becomes more
complicated in alternative models with shallow matter profiles, when both effects can
occur in the same region, as in the simulations performed in [17, 47].
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6. Conclusions and prospects
Neutrino-neutrino interactions in the high-density region near a supernova core have
been recently recognized to produce surprising collective effects. Motivated by these
developments, we have investigated neutrino flavor transformations in a SN model,
where the main self-interaction effects (synchronization, bipolar oscillations, and
spectral split) develop well before possible MSW effects.
The neutrino-neutrino interaction strength depends on the intersection angle of
their trajectories. Averaging this (variable) angle along a single, representative radial
trajectory leads to the so-called single-angle approximation, which allows both elegant
analytical insights [43, 44] and easier numerical calculations. However, removal of this
approximation is needed (through multi-angle simulations) in order to validate the
analytical insights, and to show that the main effects are not spoiled by kinematical
decoherence. Moreover, many self-interaction effects have actually been first seen
numerically and then interpreted analytically a posteriori.
We have thus performed numerical simulations in both single- and multi-angle cases,
using continuous energy spectra with significant ν-ν and νe-νx asymmetry. The single-
angle results can be understood analytically to a large extent, and their main observable
effect—in the nontrivial case of inverted hierarchy—is the swap of energy spectra above a
critical energy dictated by lepton number conservation [45]. In multi-angle simulations,
we find that the “fine structure” of self-interaction effects (e.g., bipolar oscillations) is
smeared out, but the spectral swap remains a robust, observable feature. In this sense,
trajectory averaging does not play a crucial role. This is the main result of our work.
The swapping of the νe and νµ (as well as of the νe and νµ) fluxes could have an
impact on r-process nucleosynthesis [35–37, 50], on the energy transfer to the stalling
shock wave [54], and on the possibility to observe shock-wave propagation effects in
neutrinos. It is also worth studying possible self-interaction effects in the phenomenology
of SN 1987A neutrino events [55–57] and of the diffuse supernova neutrino background
spectrum [58, 59]. Further analytical and numerical developments may require to solve
the neutrino evolution equations in the complete 3ν flavor scenario, where new effects
associated to the “solar” δm2 can occur; a recent example has been worked out in [60].
Perturbations of the (cylindrically symmetric) bulb model for neutrino emission might
also be considered in more advanced simulations. Finally, there is a continuing interest
in more formal aspects of the mean-field approach to neutrino self-interaction effects
[61], which has been implicitly assumed in most of the related literature (including this
work); see [62] for a recent discussion of its validity and inherent approximations.
In conclusion, twenty years after the SN1987A, the understanding of SN ν flavor
transformations is still in progress, and surprising self-interaction effects are emerging as
possible dominant phenomena. These effects are changing the current paradigm of SN
neutrino physics, and demand further analytical and numerical investigations, as well
as new experimental inputs and guidance—should Nature be so kind to make a galactic
supernova explode.
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Figure 9. Absolute difference between numerical evaluations of Jz(r) in multi-angle
simulations, using various (energy)×(angle) grid sizes: 32 × 80 (baseline), 32 × 60
(dashed), and 24× 80 (dotted).
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Appendix
We discuss here a few technical aspects of multi-angle numerical simulations, which
are much more challenging than single-angle ones. Equations (77,78), after the proper
transformation ϑ → ϑ0, provide a set of 6 × NE × Nϑ0 ordinary differential equations
(ODE) in r (in the real domain), where NE and Nϑ0 are the number of points sampling
the (anti)neutrino energy E and emission angle cosine cosϑ0, respectively.
This ODE set is stiff, and needs appropriate routines to be solved numerically.
After a careful comparison of public routines, we have adopted the GAMD software
[63], implemented on a NE ×Nϑ0 = 32× 80 grid. Denser sampling in cosϑ0 is required,
since the polarization vectors generally vary more rapidly in ϑ0 than in E. An exception
would be provided by MSW effects interfering with self-interaction ones [17] (not our
case), which requires much denser sampling, especially in E, in order to track the MSW
resonant behavior. In our scenario with no MSW interference, we obtain satisfactory
numerical convergence with NE × Nϑ0 = 32 × 80. Figure 9 compares the last three
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steps in a trial sequence with increasingly denser grids NE×Nϑ0 , showing that the final
absolute error on the reference quantity Jz can be safely estimated to be < 10
−2.
The grid points are not chosen to be equally spaced, but are instead fixed by
imposing weighted Gaussian quadrature of the double integrals in the right-hand-side
of Eqs. (77,78). In other words, the NE × Nϑ0 grid points not only sample the energy
and angular evolution of the polarization vectors in the ODE set, but are also used to
perform the inner Gaussian integrations at each evolutionary step. This “trick” saves a
lot of computer time. Nevertheless, a typical simulation over a 32× 80 grid takes ∼ 400
hours on our local computer facility (a cluster of four, 64-bit and 4Gb RAM processors
at 2.4 GHz, with Fortran 90 codes running on a Linux platform). We plan to use more
powerful (remote) facilities in future works on the subject.
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